
Derivatives of Compositions: Chain Rule

10-2-2017 class notes

So far we have looked at
derivatives of combinations of functions involving
addition, subtraction, multiplication and division.

Now, remember that

(fg)′ IS NOT f ′g′; (f/g)′ IS NOT f ′/g′.

Today we will look at derivative of compositions.
We will see that derivatives of compositions is close to the product of derivatives.

h(x) = f ◦ g(x). h′(x) =?
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Bubbles and Derivatives

The volume of a bubble of radius r is V (r) =
4

3
πr3.

We know the rate of change of volume is

V ′(r) =
4

3
π(3r2) = 4πr2.

So volume increases by about 4πr2 units for every unit increase in r,
approximately

What if the radius is increasing at a rate of, say, 3 units per second?

We can guess that the volume will increase by (4πr2) × 3 units per second.

Then we can guess that, V ′(t) = V ′(r) × r′(t), probably.
So V is a function of r and r is a function of t and

(V ◦ r)′ = V ′(r) × r′(t).
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Key difference between other combinations and compositions:
Compositions involve functions inside another function.

The output of g(x) becomes the input of f(x).
To emphasize this, let us call g(x) = u.

Then u becomes the input variable for f.
So while we ultimately willl get the simple formula

(f ◦ g)′ = f ′g′,

the derivative of f will be with respect to u.
So actually h′(x) = (f ◦ g(x))′ = f ′(u)g′(x).

Easier to remember:

d(f ◦ g)

dx
=
df

du

du

dx
.

It looks like du “cancels out” but du is not really a number.
[Later we will give a meaning to du

but right now it is not meaningful by itself].
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Quick hand-waving proof of
h′(x) = (f ◦ g(x))′ = f ′(u)g′(x).

To understand this, it may be good to look at the limit formula.

lim
h→0

f(g(x+ h)) − f(g(x))

h
= lim

h→0

f(g(x+ h)) − f(g(x))

g(x+ h) − g(x)

g(x+ h) − g(x)

h

Taking limits of each, assuming each exists, we get that

(f ◦ g)′ = f ′(u)g′(x)

where u = g(x) as mentioned before.
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Derivative of ekx

(ekx)′ =?

Inside function is u = kx.
Outside function is f(u) = eu.

We have
df

dx
=
df

du

du

dx
= f ′(u)u′(x).

Here f ′(u) = (eu)′ = eu. And u′(x) = (kx)′ = k.

So (ekx)′ = (eu)′(u′(x)) = euk = kekx.
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Problem 3.4.11

Find derivative of cos θ2.

Solution:
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Derivative of (x2 + 1)100

If you were trying to find derivative of (x2 + 1)2 then you can expand it and differentiate
it term by term: (x2 + 1)2 = x4 + 2x2 + 1 and so its derivative is 4x3 + 4x.

But if the power is a 100 instead of 2 then there will be 101 terms in the expansion!
Chain rule comes to the rescue in such cases:
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